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The rightmost column of this truth table contains instances of T and in-
stances of F. Notice that there are no “degrees” of contingency. If both
values are possible, the formula is contingent.

We also have formulas that can only be true: tautologies. For example,
p → p is a tautology.

(4.24) p (p → p)

T T

F T

Even though p can be either true or false, the combination can only bear the
value T. A similar tautology can be built using the biconditional.

(4.25) p (p ↔ p)

T T

F T

Likewise, we have contradictions: formulas that can only be false, e.g.
(p ∧ ¬p).

(4.26) p ¬p (p ∧ ¬p)

T F F

F T F

Again, even though p can have either value, this combination of connectives
can only be false.

4.7 Proof

We can now consider proof and argument. Notice first that tautologies built
on the biconditional entail that the two sides of the biconditional are logical

equivalents. That is, each side is true just in case the other side is true and
each side is false just in case the other side is false. For example, ((p ∧ q) ↔
¬(¬p ∨ ¬q)) has this property. (p ∧ q) is logically equivalent to ¬(¬p ∨ ¬q).
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If we did truth tables for these two WFFs, we would see that they bear the
same truth values.

Conditionals are similar, though not as powerful. For example: ((p∧q) →
p). The atomic statement p is a logical consequence of (p ∧ q), and is true
whenever the latter is true. However, the converse is not the case; (p ∧ q)
does not follow from p. We can see this in the following truth table.

(4.27) p q (p ∧ q) ((p ∧ q) → p)

T T T T

T F F T

F T F T

F F F T

The rightmost column has only instances of T, so this WFF is a tautology.
However, comparison of the second and third columns shows that the two
sides of the formula do not bear the same value in all instances; they are not
logical equivalents. In particular, row two of the table shows that the left
side can be false when the right side is true. This, of course, is allowed by
a conditional, as opposed to a biconditional, but it exemplifies directly that
the values of the two sides need not be identical for the whole WFF to be a
tautology.

We can use these relationships—along with a general notion of substitu-

tion—to build arguments. The basic idea behind substitution is that if some
formula A contains B as a subformula, and B is logically equivalent to C,
then C can be substituted for B in A. For example, we can show by truth
table that p ↔ (p ∧ p).

(4.28) p (p ∧ p)

T T

F F

It therefore follows that p and (p ∧ p) are logical equivalents. Hence, any
formula containing p can have all instances of p replaced with (p∧p) without
altering its truth value. For example, (p → q) has the same truth value as
((p ∧ p) → q). This is shown in the following truth table.
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(4.29) p q (p ∧ p) (p → q) ((p ∧ p) → q)

T T T T T

T F T F F

F T F T T

F F F T T

The values for the fourth and fifth columns are the same.
Substitution for logical consequence is more restricted. If some formula

A contains B as a subformula, and C is a logical consequence of B, then
C cannot be substituted for B in A. A logical consequence can only be
substituted for the entire formula.

Consider this example: (p ∧ ¬p) → q). First, we can show that this is a
tautology by inspection of the truth table.

(4.30) p q ¬p (p ∧ ¬p) ((p ∧ ¬p) → q)

T T F F T

T F F F T

F T T F T

F F T F T

The rightmost column contains only instances of T; hence the WFF is a
tautology. The last connective is a conditional and the values of the two
sides do not match in all cases—in particular rows one and three; hence the
second half of the formula q is a logical consequence of the first (p ∧ ¬p).

Now, by the same reasoning ((p∧¬p) → r) is also a tautology. However, if
we erroneously do a partial substitution on this second formula, substituting
q for (p ∧ ¬p) based on the first formula, the resulting formula (q → r) is
certainly not a tautology.

(4.31) p q (p → q)

T T T

T F F

F T T

F F T
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Hence, though partial substitution based on logical equivalence preserves
truth values, partial substitution based on logical consequences does not.

There are a number of logical equivalences and consequences that can be
used for substitution. We will refer to these as the Laws of Statement Logic.
The most interesting thing to note about them is that they are very much

like the laws for set theory in section 3.4. In all of the following we use the
symbol ‘⇐⇒’ to indicate explicitly that the subformulas to each side can be
substituted for each other in any WFF.

Idempotency says that the disjunction or conjunction of identical WFFs
is identical to the WFF itself. This can be compared with set-theoretic
idempotency in (3.9).

(4.32) Idempotency

(p ∨ p) ⇐⇒ p

(p ∧ p) ⇐⇒ p

Associativity says that the order in which successive conjunctions or suc-
cessive disjunctions are applied can be switched. This can be compared with
(3.11).

(4.33) Associativity

((p ∨ q) ∨ r) ⇐⇒ (p ∨ (q ∨ r))

((p ∧ q) ∧ r) ⇐⇒ (p ∧ (q ∧ r))

Commutativity says that the order of conjuncts and disjuncts is irrelevant.
Compare with (3.10).

(4.34) Commutativity

(p ∨ q) ⇐⇒ (q ∨ p)

(p ∧ q) ⇐⇒ (q ∧ p)

Distributivity can “lower” a conjunction into a disjunction or lower a
disjunction into a conjunction. This an be compared with (3.12).

(4.35) Distributivity

(p ∨ (q ∧ r)) ⇐⇒ ((p ∨ q) ∧ (p ∨ r))

(p ∧ (q ∨ r)) ⇐⇒ ((p ∧ q) ∨ (p ∧ r))
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The truth value T is the identity element for conjunction and the value
F is the identity element for disjunction. This is analogous to the roles of ∅
and U in union and intersection, respectively: (3.13).

(4.36) Identity

(p ∨ F) ⇐⇒ p

(p ∨ T) ⇐⇒ T

(p ∧ F) ⇐⇒ F

(p ∧ T) ⇐⇒ p

The Complement Laws govern the role of negation and can be compared
with (3.14).

(4.37) Complement Laws

(p ∨ ¬p) ⇐⇒ T

¬¬p ⇐⇒ p

(p ∧ ¬p) ⇐⇒ F

DeMorgan’s Laws allow us to use negation to relate conjunction and
disjunction, just as set complement can be used to relate intersection and
union: (3.15).

(4.38) DeMorgan’s Laws

¬(p ∨ q) ⇐⇒ (¬p ∧ ¬q)

¬(p ∧ q) ⇐⇒ (¬p ∨ ¬q)

The Conditional and Biconditional Laws allow us to define conditionals
and biconditionals in terms of the other connectives.

(4.39) Conditional Laws

(p → q) ⇐⇒ (¬p ∨ q)

(p → q) ⇐⇒ (¬q → ¬p)

(p → q) ⇐⇒ ¬(p ∧ ¬q)
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(4.40) Biconditional Laws

(p ↔ q) ⇐⇒ ((p → q) ∧ (q → p))

(p ↔ q) ⇐⇒ ((¬p ∧ ¬q) ∨ (p ∧ q)

We can build arguments with these. For example, we can use these to
show that this statement is a tautology: (((p → q)∧p) → q). First, we know
this is true because of the truth table.

(4.41) p q (p → q) ((p → q) ∧ p) (((p → q) ∧ p) → q)

T T T T T

T F F F T

F T T F T

F F T F T

We can also show that it’s a tautology using the Laws of Statement Logic
above. We start out by writing the WFF we are interested in. We then
invoke the different laws one by one until we reach a T.

(4.42) 1 (((p → q) ∧ p) → q) Given

2 (((¬p ∨ q) ∧ p) → q) Conditional

3 (¬((¬p ∨ q) ∧ p) ∨ q) Conditional

4 ((¬(¬p ∨ q) ∨ ¬p) ∨ q) DeMorgan

5 (¬(¬p ∨ q) ∨ (¬p ∨ q)) Associativity

6 ((¬p ∨ q) ∨ ¬(¬p ∨ q)) Commutativity

7 T Complement

The first two steps eliminate the conditionals using the Conditional Laws.
We then use DeMorgan’s Law to replace the conjunction with a disjunction.
We rebracket the expression using Associativity and reorder the terms using
Commutativity. Finally, we use the Complement Laws to convert the WFF
to T.

Here’s a second example: (p → (¬q ∨ p)). We can show that this is
tautologous by truth table:
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(4.43) p q ¬q (¬q ∨ p) (p → (¬q ∨ p))

T T F T T

T F T T T

F T F F T

F F T T T

We can also show this using substitution and the equivalences above.

(4.44) 1 (p → (¬q ∨ p)) Given

2 (¬p ∨ (¬q ∨ p)) Conditional

3 ((¬q ∨ p) ∨ ¬p) Commutativity

4 (¬q ∨ (p ∨ ¬p)) Associativity

5 (¬q ∨ T) Complement

6 T Identity

First, we remove the conditional with the Conditional Laws and reorder the
disjuncts with Commutativity. We then rebracket with Associativity. We
use the Complement Laws to replace (p ∨ ¬p) with T, and Identity to pare
this down to T.

So far, we have done proofs that some particular WFF is a tautology. We
can also do proofs of one formula from another. In this case, the first line of
the proof is the first formula and the last line of the proof must be the second
formula. For example, we can prove (p ∧ q) from ¬(¬q ∨ ¬p) as follows.

(4.45) 1 ¬(¬q ∨ ¬p) Given

2 (¬¬q ∧ ¬¬p) DeMorgan

3 (q ∧ ¬¬p) Complement

4 (q ∧ p) Complement

5 (p ∧ q) Commutativity

First we use DeMorgan’s Law to eliminate the disjunction. We then use the
Complement Laws twice to eliminate the negations and Commutativity to
reverse the order of the terms.
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We interpret such a proof as indicating that the the ending WFF is true
if the starting WFF is true, in this case, that if ¬(¬q ∨¬p) is true, (p∧ q) is
true. We will see in section 4.9 that it follows that (¬(¬q ∨ ¬p) → (p ∧ q))
must be tautologous.

Finally, let’s consider an example where we need to use a logical conse-
quence, rather than a logical equivalence. First, note that ((p∧q) → p) has p

as a logical consequence of (p∧q). That is, if we establish that ((p∧q) → p),
we will have that p can be substituted for (p ∧ q). We use ‘=⇒’ to denote
that a term can be substituted by logical consequence: (p ∧ q) =⇒ p. We
can do this by truth table:

(4.46) p q (p ∧ q) ((p ∧ q) → p)

T T T T

T F F T

F T F T

F F F T

It now follows that (p ∧ q) =⇒ p.
Incidentally, note that the following truth table shows that the bicondi-

tional version of this WFF, ((p ∧ q) ↔ p), is not a tautology.

(4.47) p q (p ∧ q) ((p ∧ q) ↔ p)

T T T T

T F F F

F T F T

F F F T

We now have: (p ∧ q) =⇒ p. We can use this—in conjunction with the
Laws of Statement Logic—to prove q from ((p → q) ∧ p).
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(4.48) 1 ((p → q) ∧ p) Given

2 ((¬p ∨ q) ∧ p) Conditional

3 ((¬p ∧ p) ∨ (q ∧ p)) Distributivity

4 ((p ∧ ¬p) ∨ (q ∧ p)) Commutativity

5 (F ∨ (q ∧ p)) Complement

6 ((q ∧ p) ∨ F) Commutativity

7 (q ∧ p) Identity

8 q Established just above

First, we remove the conditional with the Conditional Laws. We lower the
conjunction using Distributivity and reorder terms with Commutativity. We
use the Complement Laws to replace (p ∧ ¬p) with F and reorder again
with Commutativity. We now remove the F with Identity and use our newly
proven logical consequence to replace (q ∧ p) with q.

Summarizing thus far, we’ve outlined the basic syntax and semantics of
propositional logic. We’ve shown how WFFs can be categorized into con-
tingencies, tautologies, and contradictions. We’ve also shown how certain
WFFs are logical equivalents and others are logical consequences. We’ve
used the Laws of Statement Logic to construct simple proofs.

4.8 Rules of Inference

The Laws of Statement Logic allow us to progress in a proof from one WFF
to another, resulting in a WFF or truth value at the end. For example, we
now know that we can prove q from ((p → q) ∧ p). We can also show that
(((p → q) ∧ p) → q) is a tautology.

The Laws do not allow us to reason over sets of WFFs, however. The
problem is that they do not provide a mechanism to combine the effect of
separate WFFs. For example, we do not have a mechanism to reason from
(p → q) and p to q.

There are Rules of Inference that allow us to do this. We now present
some of the more commonly used ones.

Modus Ponens allows us to deduce the consequent of a conditional from
the conditional itself and its antecedent.
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(4.49) Modus Ponens P → Q

M.P. P

Q

Modus Tollens allows us to conclude the negation of the antecedent from
a conditional and the negation of its consequent.

(4.50) Modus Tollens P → Q

M.T. ¬Q

¬P

Hypothetical Syllogism allows us to use conditionals transitively.

(4.51) Hypothetical Syllogism P → Q

H.S. Q → R

P → R

Disjunctive Syllogism allows us to conclude the second disjunct from a
disjunction and the negation of its first disjunct.

(4.52) Disjunctive Syllogism P ∨ Q

D.S. ¬P

Q

Simplification allows us to conclude that the first conjunct of a conjunc-
tion must be true. Note that this is a logical consequence and not a logical
equivalence.

(4.53) Simplification P ∧ Q

Simp. P

Conjunction allows us to assemble two independent WFFs into a con-
junction.
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(4.54) Conjunction P

Conj. Q

P ∧ Q

Finally, Addition allows us to disjoin a WFF and anything.

(4.55) Addition P

Add. P ∨ Q

Note that some of the Rules have funky Latin names and corresponding ab-
breviations. These are not terribly useful, but we’ll keep them for conformity
with other treatments.

Let’s consider a very simple example. Imagine we are trying to prove q

from (p → q) and p. We can reason from the two premises to the conclusion
with Modus Ponens (M.P.). The proof is annotated as follows.

(4.56) 1 (p → q) Given

2 p Given

3 q 1,2 M.P.

There are two formulas given at the beginning. We then use them and
Modus Ponens to derive the third step. Notice that we explicitly give the
line numbers that we are using Modus Ponens on.

Here’s a more complex example. We want to prove t from (p → q), (p∨s),
(q → r), (s → t), and ¬r.

(4.57) 1 (p → q) Given

2 (p ∨ s) Given

3 (q → r) Given

4 (s → t) Given

5 ¬r Given

6 ¬q 3,5 M.T.

7 ¬p 1,6 M.T.

8 s 2,7 D.S.

9 t 4,8 M.P.
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First, we give the five statements that we are starting with. We then use
Modus Tollens on the third and fifth to get ¬r. We use Modus Tollens again
on the first and sixth to get ¬p. We can now use Disjunctive Syllogism to
get s and Modus Ponens to get t, as desired.

Notice that the Laws and Rules are redundant. For example, we use
Modus Tollens above to go from steps 3 and 5 to step 6. We could instead
use one of the Conditional Laws to convert (q → r) to (¬r → ¬q), and then
use Modus Ponens on that and ¬r to make the same step. That is, Modus

Tollens is unnecessary if we already have Modus Ponens and the Conditional
Laws.

Here’s another example showing how the Laws of Statement Logic can
be used to massage WFFs into a form that the Rules of Inference can be
applied to. Here we wish to prove (p → q) from (p → (q ∨ r)) and ¬r.

(4.58) 1 (p → (q ∨ r)) Given

2 ¬r Given

3 (¬p ∨ (q ∨ r)) 1 Cond.

4 ((¬p ∨ q) ∨ r) 3 Assoc.

5 (r ∨ (¬p ∨ q)) 4 Comm.

6 (¬p ∨ q) 2,5 D.S.

7 (p → q) 6 Cond.

As usual, we first eliminate the conditional with the Conditional Laws. We
then rebracket with Associativity and reorder with Commutativity. We use
Disjunctive Syllogism on lines 2 and 5 and then reinsert the conditional.

4.9 Conditional Proof

A special method of proof is available when you want to prove a conditional
to be tautologous. Imagine you have a conditional of the form (A → B) that
you want to prove is tautologous. What you do is assume A and attempt to
prove B from it. If you can, then you can conclude (A → B).

Here’s an example showing how to prove (p → q) from (p → (q ∨ r)) and
¬r.
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(4.59) 1 (p → (q ∨ r)) Given

2 ¬r Given

3 p Auxiliary Premise

4 (q ∨ r) 1,3 M.P.

5 (r ∨ q) 4 Comm.

6 q 2,5 D.S.

7 (p → q) 3–6 Conditional Proof

We indicate a Conditional Proof with a left bar. The bar extends from the
assumption of the antecedent of the conditional—the “Auxiliary Premise”—
to the point where we invoke Conditional Proof. The key thing to keep in
mind is that we cannot refer to anything to the right of that bar below the

end of the bar. In this case, we are only assuming p to see if we can get q to
follow. We cannot conclude on that basis that p is true on its own.

We can show that this is the case with a fallacious proof of p from no

assumptions. First, here’s an example of Conditional Proof used correctly:
we prove (p → p) from no assumptions.

(4.60) 1 p Auxiliary Premise

2 p 1 Repeated

3 (p → p) 1–2 Conditional Proof

Now we add an incorrect step, referring to material to the right of the bar
below the end of the bar.

(4.61) 1 p Auxiliary Premise

2 p 1 Repeated

3 (p → p) 1–2 Conditional Proof

4 p 1 Repeated Wrong!

Intuitively, this should be clear. The proof above does not establish the truth
of p.

Here’s another very simple example of Conditional Proof. We prove ((p →

q) → (¬p ∨ q)).
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(4.62) 1 (p → q) Auxiliary Premise

2 (¬p ∨ q) 1 Cond.

3 ((p → q) → (¬p ∨ q)) 1–2 Conditional Proof

The important thing is to understand the intuition behind Conditional Proof.
If you want to show that p follows from q, assume that q is true and see if
you get p.

Let’s use it now to prove (p → q) from q.

(4.63) 1 q Given

2 p Auxiliary Premise

3 q 1, Repeated

4 (p → q) 2–3 Conditional Proof

Notice in this last proof that when we are to the right of the bar we can refer
to something above and to the left of the bar.

4.10 Indirect Proof

A proof technique with a similar structure to Conditional Proof that has
wide applicability is Indirect Proof or Reductio ad Absurdum. Imagine we
are attempting to prove q. We assume ¬q and try to prove a contradiction
from it. If we succeed, we have proven q. The reasoning is like this. If we
can prove a contradiction from ¬q, then there’s no way ¬q can be true. If
it’s not true, it must be false.2 Here’s a simple example, where we attempt
to prove (p ∨ q) from (p ∧ q).

(4.64) 1 (p ∧ q) Given

2 ¬(p ∨ q) Auxiliary Premise

3 (¬p ∧ ¬q) 2 DeMorgan

4 p 1 Simp.

5 ¬p 3 Simp.

6 (p ∧ ¬p) 4,5 Conj.

7 (p ∨ q) 2–6 Indirect Proof

2Note that this is only true if there are only two values to our logic!
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The indirect portion of the proof is notated just like in Conditional Proof.
As with Conditional Proof, the material to the right of the bar cannot be
referred to below the bar. Notice too that when we are in the ‘indirect’
portion of the proof, we can refer to material above the bar and to the left.
The restriction on referring to material to the right of the bar is therefore
“one-way”, just as with Conditional Proof.

Here’s another example of Indirect Proof. We prove ¬r from (p ∨ q), ¬q,
and (r → ¬p). First, here is one way to prove this via a direct proof.

(4.65) 1 (p ∨ q) Given

2 ¬q Given

3 (r → ¬p) Given

4 (q ∨ p) 1 Comm.

5 p 2,4 D.S.

6 (¬¬p → ¬r) 3 Cond.

7 (p → ¬r) 6 Comp.

8 ¬r 5,7 M.P.

The proof begins as usual with the three assumptions. We then reverse
the disjuncts and use Disjunctive Syllogism to extract the second disjunct.
We reverse the third conditional with the Conditional Laws and remove the
double negation with the Complement Laws. Finally, we use Modus Ponens

to get ¬r.
Following we prove the same thing using indirect proof.

(4.66) 1 (p ∨ q) Given

2 ¬q Given

3 (r → ¬p) Given

4 ¬¬r Auxiliary Premise

5 r 4 Comp.

6 ¬p 3,5 M.P.

7 q 1,6 D.S.

8 (q ∧ ¬q) 7,2 Conj.

9 ¬r 4–8 Indirect Proof

We begin with the same three assumptions. Since we are interested in proving
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¬r, we assume the negation of that, ¬¬r, and attempt to prove a contra-
diction from it. First, we remove the double negation with the Complement
Laws and use Modus Ponens to extract ¬p. We can then use Disjunctive
Syllogism to extract q, with contradicts our second initial assumption. That
contradiction completes the Indirect Proof, allowing us to conclude ¬r.

4.11 Language

There are three ways in which a system like this is relevant to language.
First, we can view sentence logic as a primitive language with a very

precise syntax and semantics. The system differs from human language in
several respects, but it can be seen as an interesting testbed for hypotheses
about syntax, semantics, and the relation between them.

Second, we can use the theory of proof as a model for grammatical de-
scription. In fact, this is arguably the basis for modern generative grammar.

We’ve set up a system where we can use proofs to establish that some
statement is or is not a tautology. For example, we can show that something
like ¬(p ∧ ¬p) is tautologous as follows.

(4.67) 1 ¬(p ∧ ¬p) Given

2 ¬¬(¬p ∨ ¬¬p) 1 DeMorgan

3 (¬p ∨ ¬¬p) 2 Compl.

4 (¬p ∨ p) 3 Compl.

5 (p ∨ ¬p) 4 Commut.

6 T 5 Compl.

The steps are familiar from preceding proofs. The key intuition, however,
is that these steps demonstrate that our Laws and Rules of Inference will
transform the assumptions that the proof begins with into the conclusion at
the end. We will see later that a similar series of steps can be used to show
that some particular sentence is well-formed in a language with respect to a
grammatical description.
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4.12 Summary

This chapter has introduced the basic syntax and semantics of sentential,
or statement, logic. We provided a simple syntax and semantics for atomic
statements and the logical connectives that can build on them. The system
was very simple, but has the virtue of being unambiguous syntactically. In
addition, the procedure for computing the truth value of a complex WFF is
quite straightforward.

We also introduced the notion of truth table. These can be used to com-
pute the truth value of a complex WFF. We saw that there are three basic
kinds of WFFs: tautologies, contradictions, and contingencies. Tautologies
can only be true; contradictions can only be false; and contingencies can be
either.

We examined the logical connectives more closely. We saw that, while
they are similar in meaning to some human language constructions, they are
not quite the same. In addition, we saw that we don’t actually need as many
connectives as we have. In fact, we could do with a single connective, e.g.
the Sheffer stroke.

We then turned to proof, showing how we could reason from one WFF
to another and that this provided a mechanism for establishing that some
particular WFF is tautologous. We proposed sets of Laws and Rules of
Inference to justify the steps in proofs.

Last, we considered two special proof techniques. We use Conditional
Proof to establish that some conditional expression is tautologous. We use
Indirect Proof to establish that the negation of some WFF is tautologous.

4.13 Exercises

1. Construct truth tables for the remaining WFFs on page 51.

2. Express (p → q), (p ↔ q), and (p ∨ q) using only the Sheffer stroke.

3. Give a contradictory WFF, using different techniques from those ex-
emplified in the chapter.

4. Give a tautologous WFF, using different techniques from those exem-
plified in the chapter.

5. Prove ¬p from (p → q), (q → r) and ¬r.
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6. Prove q from p, ¬r, and ((p ∧ ¬r) → q).

7. Prove (p ∨ q) from (p ∧ q) using Conditional Proof.

8. Prove (p → s) from (p → ¬q), (r → q), and (¬r → s).

9. There are other ways than the Sheffer stroke to reduce the connectives
to a single connective. Can you work out another that would work and
show that it does? (This is difficult).

10. Prove r from (p ∧ ¬p).

11. Prove ¬r from (p ∧ ¬p).

12. Explain your answers to the two preceding questions.


